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Abstract
Theorems about the nonexistence of continuous surjections between continua and related results are extended to almost contin-
uous surjections. Several questions are posed.
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1. Introduction
A function f :X → Y is almost continuous provided that each neighborhood of the graph of f in X × Y contains
the graph of a continuous function from X to Y [13, p. 252].
A continuum is a nonempty compact connected metric space. (For basic terminology about continua, see [11].)
We use the term nondegenerate in referring to a space to mean that the space contains at least two points.
The study of continuous functions between continua includes a number of interesting nonexistence theorems. Such
results are in various papers in our references; we will discuss results in these papers as they come up in connection
with our results.
We show that many nonexistence theorems for continuous surjections between continua generalize to nonexistence
theorems for almost continuous surjections between continua, and we derive some consequences. We obtain many of
our results in a unified way—by applying the simple general lemma that is in Section 3. Our main theorems are in
Section 4.
In Section 5 we briefly consider connectivity functions in connection with our results for almost continuous func-
tions.
We include questions that are directly related to our results.
E-mail address: nadler@math.wvu.edu (S.B. Nadler Jr).0166-8641/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2005.01.042
S.B. Nadler Jr / Topology and its Applications 154 (2007) 1008–1014 1009We conclude our introduction with general notation (other notation will be explained as it comes up): A denotes
the closure of A; X × Y denotes the Cartesian product of X and Y ; Γ (f ) denotes the graph of a function f :X → Y
(i.e., Γ (f ) = {(x, f (x)) ∈ X×Y : x ∈ X}); f |A denotes the restriction of a function f to a subset A; signifies that
a function is a surjection; ≈ stands for the phrase is homeomorphic to.
2. Preliminary results
We state a theorem due to Kellum [10] and prove two results for use later that follow easily from Kellum’s theorem
and a theorem due to Stallings [13]. First, we note the following definitions.
A path is a continuous (not necessarily metric) image of [0,1]. A Peano continuum is a locally connected contin-
uum. A topological space is almost Peano provided that for any collection of finitely many nonempty open subsets of
the space, there is a path in the space that intersects each of the given open sets [10].
We state a result due to Kellum [10] (the assumption that Y is a T1-space is not stated in [10] but is used in the
proof in [10]):
Proposition 2.1. (Kellum [10]) A second countable T1-space Y is an almost continuous image of any nondegenerate
Peano continuum if and only if Y is almost Peano.
We extend Proposition 2.1 to almost continuous images of almost Peano continua:
Proposition 2.2. Let X be a nondegenerate continuum that is almost Peano, and let Y be a second countable T1-space.
Then Y is an almost continuous image of X if and only if Y is almost Peano.
Proof. Assume that Y is almost Peano. Then, by Proposition 2.1, there is an almost continuous function h : [0,1] Y .
Let ϕ :X [0,1] be a continuous function. Then h ◦ ϕ :X Y is an almost continuous function by Proposition 4 of
[13, p. 261].
The proof of the converse is obtained by slightly modifying the first part of the proof of the theorem in [10]: after
obtaining g :X → Y as in [10, p. 194], use that X is almost Peano to replace P in [10, p. 194] with a path P in X
such that P ∩ g−1(Ui) = ∅ for all i; then g(P ) is a path in Y such that g(P ) ∩ Ui = ∅ for all i. This proves that Y is
almost Peano. 
We often refer to the next proposition to show that continua used in the literature need to be modified to obtain our
results.
Proposition 2.3. Let Y be a second countable T1-space. If Y has a dense path component or, more generally, if Y is
almost Peano, then Y is an almost continuous image of any nondegenerate continuum X.
Proof. Repeat the first part of the proof of Proposition 2.2. 
3. A general lemma
The proofs of many of our theorems are based on a single general construction. We state the important property of
the construction in the lemma below. First, we give the construction and the notation that accompanies it.
We write Y = irr(p, q) to signify that Y is a nondegenerate continuum that is irreducible between p and q (i.e.,
p,q ∈ Y and no proper subcontinuum of Y contains both p and q [11, p. 68]).
If Y = irr(p, q), then we let Ŷ denote a continuum obtained by attaching two disjoint arcs Ap and Aq , which are
also disjoint from Y , to Y at p and q , respectively. We note that Ŷ is not unique even for fixed points p and q since we
do not require that the arcs be attached at their end points; this is of no consequence for many of our results—when it
matters, we will specify how we form Ŷ . See 3.20 of [11, p. 43] for the fact that Ŷ is a continuum.
We extend the notation just introduced to families: If F is a family of irreducible continua, then
F̂ = {F̂ : F ∈F}.
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Lemma 3.1. Let X be a continuum, and let Y = irr(p, q). If there is an almost continuous function of X onto Ŷ , then
there is a continuous function of X onto Y .
Proof. Let f :X  Ŷ be almost continuous. Let U1 and U2 be the open sets in Ŷ given by U1 = Ap − {p} and
U2 = Aq − {q}. Since f (X) = Ŷ , there are points x1, x2 ∈ X such that f (x1) ∈ U1 and f (x2) ∈ U2. We obtain an
open neighborhood N of Γ (f ) in X × Ŷ by letting
N = [(X − {x1, x2})× Ŷ ]∪ [ 2⋃
i=1
({xi} × Ui)].
Thus, since f :X Ŷ is almost continuous, there is a continuous function g :X → Ŷ such that Γ (g) ⊂ N . In partic-
ular, note that since g(xi) ∈ Ui , g(x1) ∈ Ap and g(x2) ∈ Aq . Thus, since g(X) is a continuum, p,q ∈ g(X).
Let r be the continuous retraction of Ŷ onto Y that maps Ap to p and Aq to q . Clearly, r ◦g is a continuous function
from X to Y . Finally, since p,q ∈ g(X), we have p,q ∈ r ◦ g(X); thus, r ◦ g(X) = Y since Y = irr(p, q). 
4. Nonexistence theorems
Our main results are Theorems 4.1, 4.4, 4.5, and 4.7–4.9. We also call attention to Corollary 4.2.
Waraszkiewicz [14] showed that there is no continuum that can be mapped continuously onto every continuum. In
fact, Waraszkiewicz constructed an uncountable family W of circles with spirals in the plane such that no continuum
can be mapped continuously onto every continuum in W . On the other hand, every nondegenerate continuum can
be mapped by an almost continuous function onto every continuum in W (by Proposition 2.3). Nevertheless, we can
extend Waraszkiewicz’s theorem to almost continuous functions:
Theorem 4.1. No continuum can be mapped by almost continuous functions onto every continuum. In fact, no contin-
uum can be mapped by almost continuous functions onto every continuum in Ŵ .
Proof. First, we note that each continuum in W is irreducible between the first point of the spiral and any point of
the circle; hence, we can form Ŵ as in Section 3. Now, if the second part of the theorem were false, then Lemma 3.1
would contradict Waraszkiewicz’s theorem forW . 
A continuum X is said to be hereditarily equivalent provided that X is homeomorphic to each of its nondegenerate
subcontinua. In the corollary below, we use Theorem 4.1 to extend the result that hereditarily equivalent continua are
one-dimensional [4].
We use dim in denoting dimension. A weakly confluent map is a continuous function g from a continuum X onto
a continuum Z such that each subcontinuum of Z is the image under g of a subcontinuum of X [11].
Corollary 4.2. If X is a nondegenerate continuum such that every subcontinuum of X is an almost continuous image
of X, then dim(X) = 1.
Proof. By the second part of Theorem 4.1, there is a continuum W ∈W such that there is no almost continuous
function from X onto Ŵ . We can assume that Ŵ ⊂ I 2 = [0,1] × [0,1].
Assume that dim(X) 2. Then there is a weakly confluent map g :X I 2 [11, p. 305]. Hence, there is a subcon-
tinuum Y of X such that g(Y ) = Ŵ . Therefore, if f is an almost continuous function from X onto Y , then g ◦ f is an
almost continuous function from X onto Ŵ by Proposition 1 of [13, p. 260]; this contradicts our choice for Ŵ . 
Question 4.3. What is a characterization of all continua X, or of all continua of certain types, such that X can be
mapped by an almost continuous function onto each of its subcontinua?
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generally, for almost Peano continua: If X is a nondegenerate almost Peano continuum, then every subcontinuum of
X is an almost continuous image of X if and only if every subcontinuum of X is almost Peano. This result follows
immediately from Proposition 2.2.
Bellamy [3, Corollary 3] showed that no continuum can be mapped continuously onto every indecomposable
continuum. We extend Bellamy’s result to almost continuous functions:
Theorem 4.4. No continuum can be mapped by almost continuous functions onto every indecomposable continuum.
Proof. The proof is an adaptation of the proof of Bellamy’s result using our Theorem 4.1 and a result in [13]. Suppose
by way of contradiction that there is a continuum X such that for every indecomposable continuum Y , there is an
almost continuous function fY :X Y . Let Z be any continuum. By Theorem 2 of [3], there is an indecomposable
continuum YZ such that there is a continuous function g :YZ  Z. Then, g ◦ fYZ :X Z is almost continuous by
Proposition 1 of [13, p. 260]. This proves that every continuum Z is an almost continuous image of the continuum X,
which contradicts the first part of Theorem 4.1. 
Fort [8, Theorem 2] proved that no planar continuum can be mapped continuously onto the dyadic solenoid. Ingram
[9, Theorem 5] extended Fort’s theorem by showing that no planar continuum can be mapped continuously onto any
nonplanar circle-like continuum. Some nonplanar circle-like continua, such as the solenoids, are almost continuous
images of any nondegenerate continuum by Proposition 2.3. However, we have the following result:
Theorem 4.5. There is a continuum that is not an almost continuous image of any planar continuum.
Proof. Let Y be a given nonplanar circle-like continuum. Then Y is indecomposable [9, Theorem 8], hence irreducible
(by 11.18 of [11, p. 204]); thus, we can form Ŷ as in Section 3. Now, if X were a planar continuum that could
be mapped by an almost continuous function onto Ŷ , then Lemma 3.1 would contradict Ingram’s theorem stated
above. 
Question 4.6. Is there a circle-like continuum that is not an almost continuous image of any planar continuum?
Fort [8, Theorem 1] proved that no acyclic continuum can be mapped continuously onto the unit circle with the
spiral S = { t+1
t
· (cos(t), sin(t)): t  1} (by acyclic we mean all maps to the unit circle are null homotopic). Actually,
Theorem 1 of [8] is stated differently and for a different target space, but our formulation follows easily from the one
in [8]; for a direct proof of our formulation, see [7]. We have the following result (which would be false for the circle
with the spiral S by Proposition 2.3):
Theorem 4.7. There is a continuum that is not an almost continuous image of any acyclic continuum.
Proof. Let Y be the unit circle with the spiral S defined above. Note that Y is irreducible, and form Ŷ as in Section 3.
If X were an acyclic continuum that could be mapped by an almost continuous function onto Ŷ , then Lemma 3.1
would contradict Fort’s theorem stated above. 
Our next two theorems are concerned with incomparable families: F is an incomparable family of continua with
respect to a type of function provided that no continuum in F is the image of any other continuum in F under the
given type of function.
Several authors have constructed incomparable families of continua with respect to continuous functions [1,2,5,
12,15]. In the next two theorems we obtain incomparable families of continua with respect to almost continuous
functions. We construct our families from one of the families in [1]; this results in the simplest possible continua for
our theorems.
Awartani constructed an uncountable family of chainable continua with exactly two arc components that is incom-
parable with respect to continuous functions (4.7 of [1, p. 244]). We extend Awartani’s result to almost continuous
functions by modifying his continua in a simple way (we cannot use Awartani’s continua per se by Proposition 2.3):
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rable with respect to almost continuous functions.
Proof. Let A denote Awartani’s family defined in 3.2 of [1, p. 240]; each Y ∈A is the closure in R2 of the graph of
a continuous function ϕY : (0,1] [0,1] such that {0}× [0,1] ⊂ Γ (ϕY ); A is an uncountable family that is incompa-
rable with respect to continuous functions (4.7 of [1, p. 244]).
Note that each continuum Y in A is irreducible and has only two arc components. For each continuum Y in A,
let Ŷ be as in Section 3; however, unlike previous proofs, we need to restrict how we form Ŷ from Y : We choose
p = (0,0) (hence, q = (1, ϕY (1)), and we require that Ap and Aq be attached to Y at an end point of Ap and Aq ,
respectively (clearly, we do not really need Aq here). The restrictions we just imposed assure us that Ŷ is chainable.
It is obvious that Ŷ has only two arc components.
Let B denote the family of all continua Ŷ formed from the continua Y ∈ A in the manner just indicated. Since
the function Y → Ŷ maps A in one-to-one fashion onto B, B is uncountable. We prove that B is incomparable with
respect to almost continuous functions.
Let Y1, Y2 ∈ A such that Y1 = Y2. Suppose by way of contradiction that there is an almost continuous function
f : Ŷ1  Ŷ2. Then, by Lemma 3.1 (with X = Ŷ1), there is a continuous function g : Ŷ1  Y2. Let C1 and H1 (C2 and
H2) denote the arc components of Ŷ1 (Y2, respectively), where Ci is the arc component that is an arc for each i. Then,
since g(Ŷ1) = Y2, it follows easily that g(C1) = C2 and g(H1) = H2. Thus, since Y1 ∩ C1 and Y1 ∩ H1 are the two
arc components of Y1, we see that g(Y1) must be a subcontinuum of Y2 with exactly two arc components. Therefore,
since every subcontinuum of Y2 with two arc components is homeomorphic to Y2, we have that g(Y1) ≈ Y2. However,
this contradicts the fact thatA is an incomparable family with respect to continuous functions (4.7 of [1, p. 244]). 
We show that the analogue of the preceding theorem holds for circularly chainable continua (also called circle-
like continua). Awartani showed there is an uncountable family of arcwise connected circularly chainable continua
that is incomparable with respect to continuous functions (4.8 of [1, p. 244]). We cannot extend this result to almost
continuous functions since, in fact, any two nondegenerate arcwise connected continua are almost continuous images
of one another (by Proposition 2.3). Nevertheless, the next best result is true:
Theorem 4.9. There is an uncountable family of circularly chainable continua with only two arc components that is
incomparable with respect to almost continuous functions.
Proof. Let A denote Awartani’s uncountable family defined in 3.2 of [1, p. 240]. Assume that each continuum Y in
A is situated in R2 as at the beginning of the proof of Theorem 4.8. Then, for each Y ∈ A, let Y ∗ = Y ∪ TY ∪ SY ,
where TY and SY are as follows: TY is the copy of Y obtained by folding Y across the line x = 1,
TY =
{
(2 − x, y) ∈R2: (x, y) ∈ Y},
and SY is the semicircle joining the points (0,0) and (2,0) of Y ∪ TY ,
SY =
{
(x, y) ∈R2: (x − 1)2 + y2 = 1 and y  0}.
It is easy to see that Y ∗ is a circularly chainable continuum with only two arc components.
Let B denote the family of all continua Y ∗ formed from the continua Y ∈ A in the manner just indicated. Since
the function Y → Y ∗ maps A in one-to-one fashion onto B, B is uncountable. We prove that B is incomparable with
respect to almost continuous functions.
Let Y1, Y2 ∈ A such that Y1 = Y2. Note that for each i, the two arc components of Y ∗i are the arc Ai = SYi ∪
({0,2} × [0,1]) and the oscillating line Li that lies between the two vertical arcs {0} × [0,1] and {2} × [0,1].
Now, suppose by way of contradiction that there is an almost continuous function f :Y ∗1  Y ∗2 . There are nonempty
open subsets U and V of Y ∗2 such that U ⊂ A2 and V ⊂ L2 (we could take V = L2). Then, since f (Y ∗1 ) = Y ∗2 , there
are points p,q ∈ Y ∗1 such that f (p) ∈ U and f (q) ∈ V . Let N be the open neighborhood of Γ (f ) in Y ∗1 × Y ∗2 given
by
N = [(Y ∗ − {p,q})× Y ∗]∪ [{p} × U]∪ [{q} × V ].1 2
S.B. Nadler Jr / Topology and its Applications 154 (2007) 1008–1014 1013Since f :Y ∗1  Y ∗2 is almost continuous, there is a continuous function g :Y ∗1 → Y ∗2 such that Γ (g) ⊂ N . Hence,
g(p) ∈ U and g(q) ∈ V . Thus, g(Y ∗1 ) intersects both arc components A2 and L2 of Y ∗2 . Therefore, since L1 is the
noncompact arc component of Y ∗1 , we see that g(L1) ⊂ L2. Thus, since Y1 ⊂ L1,
g(Y1) ⊂ g(L1) ⊂ g(L1) ⊂ L2,
which shows that g(Y1) is a subcontinuum of L2.
Note that Y1 intersects both A1 and L1, and recall that g(Y ∗1 ) intersects both A2 and L2. Hence, it follows that g(Y1)
intersects both A2 and L2. Thus, since Y1 has only two arc components, g(Y1) has exactly two arc components. Now
note that every subcontinuum of L2 with exactly two arc components is homeomorphic to Y2. Hence, g(Y1) ≈ Y2.
However, this contradicts the fact that A is an incomparable family with respect to continuous functions (4.7 of [1,
p. 244]). 
5. Connectivity functions
Connectivity functions are often considered in connection with almost continuous functions. A function f :X → Y
is a connectivity function provided that Γ (f |C) is connected for each connected subset C of X [13, p. 249].
We consider our results in connection with connectivity functions.
In Theorem 1 of [6, p. 185], Cornette shows that every nonempty connected separable metric space is the image of
[0,1] under a connectivity function. Hence, Theorems 4.1, 4.4, 4.5 and 4.7 are false for connectivity maps. However,
we have the following question related to the last two theorems in Section 4:
Question 5.1. Is there an uncountable family F of continua that is incomparable with respect to connectivity func-
tions?
The families we used to prove Theorems 4.8 and 4.9 cannot be used to answer Question 5.1. This is an immediate
consequence of the following result, which is a slight extension of Cornette’s result stated above. (A free arc in a
space X is an arc A ⊂ X such that A without its end points is open in X.)
Theorem 5.2. Let X be a metric space that contains a free arc. Then every nonempty connected separable metric
space is the image of X under a connectivity function.
Proof. Let Y be a nonempty connected separable metric space. By Theorem 1 of [6] there is a connectivity function
f of f : [0,1] Y . We make two observations based on the proof in [6] (Γ (f ) is denoted by Γ in [6]): First, Γ is
dense in I ×Y (the closure of any nonempty open set in I ×Y is a member of the collection denoted by H in the proof
in [6], and Γ intersects each member of H ); second, we can assume that f (0) = f (1) (by the transfinite induction
used to define Γ in [6]).
Now, let A be a free arc in X with end points p and q . Then, according to what we just said, there is a connectivity
function f :A Y such that Γ (f ) is dense in A × Y and f (p) = f (q) = y0. Define g :X Y as follows:
g(x) =
{
f (x), if x ∈ A,
y0, if x ∈ X − A.
It follows easily that g is a connectivity function of X onto Y . 
We do not even know the answer to the following special case of Question 5.1:
Question 5.3. Are there two nondegenerate continua X and Y such that one of them is not the image of the other
under a connectivity function?
There is a natural, but flawed procedure for attempting to answer Question 5.3: Map X onto [0,1] with a continuous
function f , map [0,1] onto Y with a connectivity function g [6, Theorem 1], and consider g ◦ f . The problem is that
g ◦ f may not be a connectivity function (see item 2 in Section 6 of [13, p. 261]).
Our next theorem shows that the problem in finding a connectivity function of a continuum X onto a continuum Y
lies with the connected subsets of X that are not compact.
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for all subcontinua C of X.
Proof. The proof is a straightforward adjustment of the proof of Theorem 1 in [6]: Replace I in the proof in [6] with
X, construct Γ as in the second paragraph in the proof in [6], and apply the argument in the last paragraph of the
proof in [6] to Γ ∩ (C × Y), where C is any given subcontinuum of X. 
Finally, we ask a question about connectivity functions that is motivated by Corollary 4.2:
Question 5.5. What are necessary and/or sufficient conditions in order that a continuum X can be mapped by a
connectivity function onto each of its subcontinua?
We note that, by Theorem 5.2, any continuum with a free arc can be mapped by a connectivity function onto each
of its subcontinua.
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